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The cap set problem

Additive combinatorics

»Agroup G,e.g,G =7%Z,G = 7Ly Additive
» Objective: construct a large set A < G with no arithmetic progressions Combinatorics

Carrbrddge studies In sdvanced mathowatics {8

The cap set problem

» A cap set: Asubset A c Z% with no arithmetic progressions of length 3

» Main question:as n — oo: [A|~c™" how large can c be?
® Lower bound: Trivial ¢ = 2, important work: ¢ > 2.217
[Edel, Design, Codes and Cryptography, 2002]
® Upper bound: Trivial ¢ < 3, firstimprovement: ¢ < 2.75
[Ellenberg, Gijswijt, Annals of Mathematics, 2017]
» Also of interest for finite n
® n = 4 card game SET
® Open forn = 8 [Encyclopedia of Integer Sequences, https://oeis.org/A090245CT]
» Relation to other problems: \O\

® Algorithms for matrix multiplication
® Circuit complexity

Cap set for n=2

4
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I-Cap sets are independent sets of a simple hypergraph

_ /O

— Cap set = Independent set in HX"

Dimension n 1 2 3 4 8 .. 'h>00

#nodes 3 /9 |27 @81 6561 w3

#edges 1 12 117 1080 | ~7,000,000 ~9"

Prev. best construction (2 (4 |9 |20 496 . 2.207"
As a computational problem Approach we take here:
* Maximum independent set NP-hard in general |. pescribe an independent set by a program
* Hypergraph is of exponential size in n instead of a list of vertices

* Any generic algorithm: doubly exponentialinn [+ Search for code describing a large indep set
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I-Fu nSearch (search in the function space)

Fig. 1: Overview of FunSearch.

» Asking LLM directly does not work (we do

FunSearch

nOt trUSt It) | Evaluation 1
Pretrained LLM :] — I
oy
FunSearch combines e N i oW B
un eclfncaton ew program
- ~B ) ~E

» Trusted & fast verification (problem is in NP)

............................

» Large language model (generates ; ;
meaningful programs) Pt E] E] & B=]

Programs
database
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" Funsearch applied to the cap set problem  iinon

def main{n)

Choosing a good skeleton is crucial

golution golve (n)

turn evaluate (goluticon, n)

» We do not search for a program outputs the list directly

» Instead, define a greedy algorithm: adding vertices in "t utile Capuet is, capsat (candidace_sec, 5
order defined by priority ceturn len(candidate_set)

»Search forpriority function

»evaluate will output the size of the independent set # Preconpute al) priosiey soomen.
generated by greedy algorithm with priority § ors olasanta aisording fa o1 in alamsucal

capset (]

Why?

» Boilerplate code factored out capect “eppend (rement) o Sepeeny
return capset

» Guaranteed to give a cap set

def pricrity(element, nj:
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Results
Dimension n 1 2 3 4 8 n- oo
#nodes 3 |9 |27 81 6561 v 3"
#edges 1 12 117 1080  ~7,000,000 ~ 9"
Prev. best construction 2 4 |9 20 496 w2217

Based on finding a finite construction (“admissible set”) that
implies the asymptotic bound

Why working well here?
* Problem is very structured. Can hope for a structured solution
« Scales better than traditional search methods, e.g., SAT solvers
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(simplified by hand)

int)

Program that outputs list of vertices

ion space

Raw search space vs funct
Raw list of vertices
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Programs can be more insightful

Actionable interpretabiliy

def pri ty(
sssss

if elfi] ==

el: tuple[int, ...], n: int,

ange(n):
1:

score -= 0.98 ==

6.3
== 2 and ell[i

0.9 (30 - (

== 2 and el[i - 4]
6.3

== 2 and el[i - 4]
6.3

== 1 and elli - 4]
2.2

i ellil
ore
£ elli]
score -= 6.8
if 1[i]
e
return score

t

w: int) ->

el[i

el[i

nd elli

el[i

elli

float:
-8 ==2:
-8 ==1:
- 8] ==1:
- 8] ==2:
- 8] ==o0:

The function treats tuple
of coordinates (i, i+4, i+8)
together

Relevant symmetry of the

\ ' problem

Restrict search space to find
symmetric solutions
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rAnother application: online bin packing

def heuristic(item: float, bins: np.ndarray) -> np.ndarray:

"""Online bin packing heuristic discovered with FunSearch."""

score = 1000 * np.ones(bins.shape)

# Penalize bins with large capacities.

score -= bins * (bins - item)

# Extract indezxz of bin with best fit.

index = np.argmin(bins)

# Scale score of best fit bin by item size.
score[index] *= item

# Penalize best fit bin 2f fit is not tight.
score[index] -= (bins[index] - item)=*#*4

Best-fit heuristic FunSearch return score

ORI1 OR2 OR3 ORA4 Weibull 5k Weibull 10k Weibull 100k

First Fit 6.42% 6.45% 5.74% 5.23% 4.23% 4.20% 4.00%
Best Fit 5.81% 6.06% 5.37% 4.94% 3.98% 3.90% 3.79%
FunSearch | 5.30% 4.19% 3.11% 2.47% 0.68% 0.32% 0.03%

4
rd
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Summary

Search paradigm

Meaningful creativity of LLM + Formal verification skeleton

What caracteristics of the problem were important?

 Fast evaluation with signal of performance
« Searchis difficult

« Searching for “short” programs
In 2026, this approach is applied very widely
« AlphaEvolve helped in advancing hundreds of maths problems

* Scaling this approach has computational/engineering cost
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I-Fu nSearch to find Sum-of-Squares proofs (work with Mostafa Taheri)

Polynomial optimization

Example
* Many problems can be formulated as: compute p _ 2 2 2
min,__paP(x) or prove P(x) = y Vx € R%. (%) (xlj xz() T (X3 + X4) _)I_ (%4 + xs5)
b = (Xq1,X2,X3,X4, X5
« Combinatorial optimization, control and robotics,
quantum information,...
1 1 0 0 O
« IfP(x) Y= > R;(x)?, then R; provide a proof 1 1.0 0 0
that min__p«P(x) = y. o0=l0o 0o 1 1 o
« Searching for an SoS is a convex problem 00 1 2 1
(semidefinite program): 0 0 0 1 1

— has many zeros

P()-y=biQb ¢ has many

. —> Find b to reduce size of convex problem
where b is a vector of monomialsand Q = 0

16/10/2026 2la — 1



I-Example application: Entanglement witness

W is an entanglement witness if it is positive on product states: basis monomials
0 25 50 75 100 125 150 175 200

Px,y) = (x| @ (y|W|x) ® [y) 20 T

25 - . T

If tr(Wp) < 0, then p is entangled oL N,

-

basis monomials ”

~
[0}
1

Exam p|e: 100-... :. EFggas ik RS
W=(]22) —|00))({(22| — (00 |) + (|22) — | 11)({(22]| — (11]) _...:: __: x .: ; R |
+([33) = [01)((33] = (01]) +(]33) — [ 10))({33| — (10]) et o ~
+123)(23[ +32)(32] - |22)(22] - |33)(33| ol *

=
N
(8]

200 A

216 X216
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I-Search problem: Good basis sets

Given P find b or family {b4, b, ...} such that Example
= P(x) = (x1 + x2)* + (x3 + x4)* + (x4 + x5)°
P~y =y bfQ.b; 0= ()T (s )T ()
i by = (X1,X2), bz = (X3,X4), b3 = (X4,X5)

so that the number of variabls in Q; is small Q{=0,=0Q;3= (1 1)

Number of variables: 9

|#monomials|"2
Zi |bi|2

Gain from a family {EH =
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Results (preliminary)

« Use same approach: search for code describing {EE .}

For entanglement witness W: found a more concise sum-of-squares decomposition

* Another related family:
X(@) =1;®1;+ad|$){¢|,

« With open language models that run on local computers and open source ShinkaEvolve framework

P(x,y) := (xy| Xy(@) | xy)

X(@) = | )| ® X(a).

max st. P—y € SOS

Y

Full SDP

FunSearch

Fine-tuned
FunSearch

Value

Gain

Value

time(s)

Gain

Value

-0,14

30,11

-0,477

0,08

16

-0,14
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Please reach out if you are interested
in similar problems
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