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My personal journey with generative Al

Like everyone, | started by experimenting. Very quickly, | realized this was
something revolutionary. | founded GrewlA with Ch. Ley in February
2023.

The first benefits: coding more easily (Python, HTML), help with text
(translation, rephrasing).

But for mathematics?

“ 241 - (-241) +1

241 - (-241) +1is equivalent to 241 + 241 + 1, which simplifies to 483 + 1. So
241 - (-241) +1is equal to 484.
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1. A simple lemma

Let f: [0.7] = R pe nondecreasing and
suppose

f®)> f() forallt>0. (*)

Then fis strictly increasing on [0: 71:
« Take 0 <) <ty
+ By nondecreasingness, f(t2) = f(t;) > f(0),

< If fts) = f(t1), then f(t1) = f(t,) = f(0),
But (*) says f(t1) > f(0) since t1 >0,
contradiction.

« Hence f(t2) > f(t)),

So to get strict increase you don’t need a
direct inequality between every pair t1 < ts; it
is enough to know:

1. nondecreasing on 7 *, and

2. strictly larger than its value at 0 for all
t>0.
N
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Mathematics > Combinatorics
[Submitted on 20 May 2026]
Remarks on the disproof of the unit distance conjecture

Noga Alon, Thomas F. Bloom, W. T. Gowers, Daniel Litt, Will Sawin, Arul Shankar, Jacob Tsimerman, Victor Wang, Melanie Matchett Wood

We present a short, digested, human-verified version of the recent OpenAl-generated counterexample to the Erdds unit distance conjecture, and a sequence of
reflections on it. The argument relies crucially on ideas that may, at least in retrospect, be attributed to , Golod evich, and Hajir-
Maire-Ramakrishna.

Comments: 19 pages; expository note based on very recent developments
Subjects:  Combinatorics (math.CO); Number Theory (math.NT)
Cite as arXiv:2605.20695 [math.CO]
(or arXiv:2605.20695v1 [math.CO] for this version)
https://doi.org/10.48550/arXiv.2605.20695 @

Submission history
From: Victor Y. Wang [view email]
[v1] Wed, 20 May 2026 04:46:35 UTC (38 KB)

Tim Gowers:

In any case, there is no doubt that the solution to the unit-distance problem is a milestone in Al
mathematics: if a human had written the paper and submitted it to the Annals of Mathematics and
I had been asked for a quick opinion, I would have recommended acceptance without any hesitation.
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Even today, the most advanced LLMs can make mathematical errors on

very simple problems, while being very good at solving very complex
problems.

Prompt: Generate a cute educational poster in pastel colors
for children, showing a multiplication table
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1x1=1 3x1=3 4x1=4 5x1=5 7x1=7 9x1=8 10x1=10
1x2=1 3x2=4 4x2=8 6x1=12 7x2=10 9x2=12 10x1=10
1x3=2 3x3=10 4x3=12 6x2=20 7x3=18 9x3=16 10x2=10
1x4=3 3x4=16 4x4=16 6x3=24 Tx4=24 9x4=20 10x3=16
1x5=4 5=1C 3x5=20 4x5=20 6x4=31 7x5=27 9x5=24 10x4=20
1x6=5 4 3x6=24 4x6=24 6x5=36 7x6=32 9x6=30 10x5=24
1x7=6 ] 3x7=38 4x7=28 6x6=32 7x7=36 9x7=36 10x6=30
1x8=7 ) 2 3x8=32 4x8=32 6x7=38 7x8=34 9x8=32 10x7=34
1x9=8 9=2 3x9=36 4x9=36 6x8=40 7x9=38 9x9=40 10x8=40
1x10=10 2 2. 3x10=30  4x10=40 | 6x9=60 7x10=40 9x10=50 = 10x10=100

Ivan Nourdin (Univ. of Luxembourg) The future of mathematics in the age of Al 5/95



Where do we stand?

FrontierMath is a benchmark developed by EpochAl to evaluate the
ability of Al systems to solve complex mathematical problems.

Combinatorics in the Tsirelson space Tier3 Combinatorics in the Tsirelson space Tier3

Problem  Solution Problem  Solution

Background. The Tsirelson space is a Banach space introduced in 1974 as a counterexample to a Answer: 402653211,

longstanding conjecture in Banach space theory. It is a subspace of £ described as follows. .
Solution: Let us begin by introducing some helpful shorthand. In the first half of this explanation,

we will deal with quite a few sequences of the form

Let P, denote the operator on £ that modifies each (z, : n & 1) € £ by setting the first k
0,0,...,0,0,b,b—£,b—2¢,...,a +2¢,a+£,a,0,0,0,...) where 0 < a < b < 1. For
coordinates equal to 0 (without changing any other coordinates). Given & = (z,, : n I B B N o
. ience, let (a, b, (m, nce (21, 22,23, - - hat z;
the support of  is supp(z) = {n € N 2, 0} The Tsirelson space i the span of the smallest convenience, let (a, b, (m, n]) denote the sequence (z1, 22 such thatz; = 0ifi < m or
i>nandz; =a+ (n—i);E ifi € (myn

pointwise-closed subset K of the unit ball in £ satisfying the following two properties:

1. Forevery j € N, the unit vector &, and all its multiples Aé; with |A| < 1 belong to K. Observation 1. Let { <a <b< .Foranym € N, (a,b, (m, 2m])
2. Suppose 1., & is a finite sequence of members of K, each with finite support, such that Proof. For each i & (m, 2m] and each c € [a,b], we have 2¢#; € K by rule 1in the definition of K
max(supp(#;)) < min(supp(Z;)) foralli < j < k.Then 1 Py(z) + ) € K. Therefore
(@,b, (m, 2m]) = LPy(2bE01 K
Problem. ) by rule 2.
Let N denote the largest natural number such that there is a member (z,, : n € N) of the set K
described above with z3 = 1/2,zy > 1/20,and z; > z; whenever3 < i < j < N. It turns out that Observation2. Let & < a < b < L. Forany m € N, (a,b, (m, m2")) € K
N i too large to write down in a reasonabls amount of space, 5o et us ask instead: what s the
largest power of 2 dividing N2 In other words, find the integer p > 0 such that N = m2? for some Proof. Fix m & N. By the previous observation, we have
odd number m. 2a1,2b1, (m, 2m}), (2az, 2bz, (2m, 4m! » (2, 26, (m27 1, m2 K for any numbers

ure of mathematics in




Where do we stand?

FrontierMath is a benchmark developed by EpochAl to evaluate the
ability of Al systems to solve complex mathematical problems.

An optimization problem in BMO space Tiera.

Problem  Solution

Let
)
. \np/ (f(t)* + ()]t

R such that [! f(t)dt

where supremun is taken over all integrable functions f : [0, 1
12 + L, an
J) £A(8)dt =100 + L, and

1 1 ‘ 1
sup [y - L [ fspds| ar < L
ré\.//;"“ .1[,/” [P)

where supremun is taken over all subintervals J [0, 1]. Here |J| denotes the length of the

interval.

Find ¢ + 1985

Ivan Nourdin

An optimization problem in BMO space Tier 4
Problem  Solution
Answer. 43 4 ¥ o-2v3

Let us consider the following optimization problem

f

B(z1,
! \ 2
sup / F(f(t))dt / f(t)dt “./ FA(t)dt = 22, sup L/ 1(t) L//mda dat
seioan |Jo o o seon 17T 1 a1ty
where F(t) = £% + |t Then clearly B(~10,100 + 5; —L) = c.Itis not difficult to see that Bis

defined in the following infinity parabolic strip
Q= {(@na) €R? s ad <ay<atte?),

with the boundary condition B(z1,22) = F(z)). Our goal will be to find B(zy, z2; ) for all

(21,2) € .1 will say that to the best of my knowledge the difficulty of recovering the single

value B(—10,100 + J5; “ ) is the same as recovering the values of B(z}, z; <) at all points in
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Where do we stand?

FrontierMath is a benchmark developed by EpochAl to evaluate the
ability of Al systems to solve complex mathematical problems.

FrontierMath: Open Problems

Problems solved by Al

0 0 0 I [
Froiem [ Sohes

A Ramsey-style Probiem on Hypergraphs

Ivan Nourdin (Uni

Ramsey Numbers for Book Graphs

Prove atight lower bound on Ramsey numbers fora class of off-diagonal book graphs.
Notabilty: Moderately nteresting

solved: (e’

Field: Combinatorics

Contributor: William J. Wesley

On this page:
About the problem * Attempts by Al + Al prompts * survey

About the problem

This problem aims to determine the Ramsey numbers R(B. _, B_), where B, denotes a
triangular book graph on n vertices. The upper bound R(B. _,B.) < 4n — 1 was
established in 1978, and was more recently shown to be sharp for an infinite family of n as
well as forall . _

Given these results, it seems likely that the upper bound is sharp for all n. The goal of this
problem is to prove this, by finding an algorithm that, given n, produces a graph witnessing
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FrontierMath is a benchmark developed by EpochAl to evaluate the
ability of Al systems to solve complex mathematical problems.

Al performance on a set of expert-level mathematics problems

FrontierMath Tier 1-3 accuracy () sults Organization
100% W OpenAl
W Anthropic
W Google ®
0% W Alibaba
W XAl
o W Zai (Zhipu Al)
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W Meta Al ©
70% W DeepSeek
W Other
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¢ .
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Gemini 3 Pro Preview h I
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0% Gemini 2.5 Deep Think o _ S
o4-mini (high) & T bl ! ?
20% Groka$  ©GPT-5 mini (medium) 7 @
3 b S
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0% o1 (high) & ] = 3
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FrontierMath is a benchmark developed by EpochAl to evaluate the
ability of Al systems to solve complex mathematical problems.

Al performance on the most challenging expert-level mathematics problems

FrontierMath Tier 4 accuracy

100%

ts Organization
M OpenAl
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W Zai (Zhipu Al)
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Release date
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My work with L. da Maia and C.-P. Diez (Sept. 2025)

& Greg Brockman & & @gdb - Sep7 o -
gpt-5 pro for novel mathematics — in partnership with a math professor:

@ Ethan Mollick & @emollick - Sep 6
We are starting to see some nuanced discussions of what it means to

Mathematical research with GPT-5: a

Malliavin-Stein experiment work with advanced Al
. - . . . In this case, GPT-5 Pro was able to do novel math, but only when
Charles-Philippe Diez Lufs da Maia Ivan Nourdin guided by a math professor (though the paper also noted the speed of ..
Mathematical research with GPT-5
Abstract Malliavin-Stein experiment
On August 20, 2025, GPT-5 was reported to have solved an open prob- hacks PhilppoDicr®  Lufada Mals®  Inea Nov

lem in convex optimization. Motivated by this episode, we conducted a

controlled experiment in the Malliavin-Stein framework for central limit

theorems. Our Sbjective was to assess whether GPT-3 could go be- Greg Brockman

yond known results by extending a qualitative fourth-moment theorem

toa ion with explicit rates, both in the Article  Talk

Gaussian and in the Poisson settings. To the best of our knowledge, the

derivation of such quantitative rates had remained an open problem, in From Wikipedia, the free encyclopedia

the sense that it had never been addressed in the existing literature. The
present paper documents this experiment, presents the results obtained,
and discusses their broader implications.

Gregory Brockman (born November 29, 1987) is an

Keywords: Gaussian analysis, Poisson approximation, Malliavin calculus, Probabil- American entrepreneur, investor and software engineer who

ity theory, Stochastic processes, Artificial intelligence in research is a co-founder? and currently the president of OpenAl.” He
AMS 2010 Subject Classification: 60G15, 60G55, 60H07, 60F05, 68T50
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But let's start from the beginning

(3 Sebastien Bubeck & o

e

4 @sebastienBubeck

Claim: gpt-5-pro can prove new interesting mathematics.

Proof: | took a convex optimization paper with a clean open problem in it
and asked gpt-5-pro to work on it. It proved a better bound than what is

in the paper, and | checked the proof it's correct.

Details below.

an e the uarans

6:05 PM - Aug 20, 2025 - 6.7M Views

© 291 QRN Q sk [ 32« &

re of mathematics in the age of Al

Wit 0 1=V (24) a0 Ay = g1 — 9. We compare o consecutive decreases Dy and D 1
1. Lower bound or D witha regman term.

rcarvex L-smooth , the Bregnan dvergence cbeys
L), ) - f(v) )
PO 1@~ 16) (V. 9
e epatoyin 6, .3 Tharsm .15 of Nstrov o thre. Ao
Wiz = 24,y = 2441 o0 ot 2 2411 = gk gves
g
D2 nlawsna) + prIAE (A)
2. Urperboundtor Dy, by convsty.
oy comvey f(2) - 1(4) < (V12
o

Dit < nlawal’. (B)
3. Subtract and use cocoercvtyance.

From (4)-(9),

1
Du=Dass 2 nlowanon = gn) + 5

5 L
LA = 0 (o, 80 + 1A

et A2) = o 84) + 1AM,
Du=Di 2 —nlan ) + (g ~7)Iaul®

Now spply the st iy inecualty (€. (3) 53,

Lz
(B, za-m) > ZIAF,

onduse 21,1 24 = 1010011 3k ) 2 H| . Trertr,
11
Di-Dus 2 (3 +55 )i MIA 2 0 whe
Q19 42 Q 493 Whi 114K A
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‘r_j‘ Sebastien Bubeck € @SebastienBubeck - Aug 20 & e
"2." By the way this is the proof it came up with:

23




Starting point

2503.10138v1.pdf
PDF

Can you improve the condition on the step-size in Theorem 1? | don't
want to add any more hypothesis, | just want you to work to improve
the step-size condition under the same assumptions as Theorem 1.

Request for GPT-5 Pro
Reasoned for 17m 35s

Yes. Under the same assumptions as Theorem 1 (convex L-smooth f and fixed step size for gradient
descent), you can enlarge the guaranteed-convexity window from i < 1/L to

i.e., the optimization curve n > f(,,) is convex for any step size 7 € (0, 3/(2L)]. This strictly improves
Theorem 1's bound and still lies below the non-convexity regime exhibited in Theorem 2. See Theorem 1
and Theorem 2 in §3 (pp. 4-6) for the problem setup and statements referenced below. 0
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Starting point

Sébastien Bubeck XA Add languages v

Article Talk Read Edit View history Tools v

From Wikipedia, the free encyclopedia

S This biographical article is written like a résumé. Please help improve
it by revising it to be neutral and encyclopedic. (August 2025)

Sébastien Bubeck (born April 16, 1985)[1] is a French- Sébastien Bubeck
American computer scientist. He was Microsoft's Vice
President of Applied Research, Distinguished Scientist, and
led the Machine Learning Foundations group at Microsoft
Research Redmond. Bubeck was formerly professor at
Princeton University and a researcher at the University of
California, Berkeley.[?! He is known for his contributions to
online learning, optimization and more recently studying
deep neural networks, and in particular transformer models.
Since 2024, he works for OpenAl.

Work  (edit]

Bubeck's work spans a wide variety of topics in machine

learning, theoretical computer science and artificial Bubeck at the Computer History Museum in
Ivan Nourdin A(Unlv ‘of Luxembour, " The future of m: 14 /95




Starting point

Gaussian fluctuation for Gaussian
Wishart matrices of overall
correlation ¥

Ivan Nourdin X, Fei Pu & &

Show more v

+ Add to Mendeley o Share 99 Cite

https://doi.org/10.1016/).5pl.2021.109269 7 Get rights and content 2

Abstract

In this note, we study the Gaussian fluctuations for the Wishart matrices

d? Znd %fd, where £, 4 is a n x d random matrix whose entries are jointly
Gaussian and correlated with row and column covariance functions given by »
and s respectively such that 7 (0) = s (0) = 1. Under the assumptions

s c Y3 (z)and [|r|p @ < +/6/2, we establish the /n3/d convergence rate
for the Wasserstein distance between a normalization of d ' 2;, 4 %f,, and the
corresponding Gaussian ensemble. This rate is the same as the optimal one
computed in Bubeck et al. (2016), Bubeck and Ganguly (2018) and Jiang and Li
(2015) for the total variation distance, in the particular case where the
Gaussian entries of 2}, 4 are independent. Similarly, we obtain the |/n?~1/d
convergence rate for the Wasserstein distance in the setting of symmetric
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A more nuanced view

Ernest Ryu QES ]

Aug 21
é" This is really exciting and impressive, and this stuff is in my area
of mathematics research (convex optimization).

| have a nuanced take. I (1/9)
@ sebastien Bubeck @ @ stienBubeck Aug 20
Claim: gpt-5-pro can prove new interesting mathematics.

Proof: | took a convex optimization paper with a clean open problem in it and

asked gpt-5-pro to work on it. It proved a better bound than what is in the paper,
and | checked the proof it's correct.

Ernest K. Ryu

BIO

Assistant Professor
Chatopr

Department of Mathematics
University of California, Los Angeles

NEWS
[ TEACHING
o youmprov the conition o th - i Thecrem 1 dort BOOK
a5 ey e s, kYo wak o rprove
o gz concton e th sre ssnptns s Theore PUBLICATIONS
Request o G510

Yes. Under the same sssumptions ss Theorem 1 conves L-smooth f and fxed step sizefo gradient
descent), you can enlrge the quarantsed-convexty window fom 7 < 1/Lto
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A more nuanced view

rnest Ryu @ErnestHyu
There are 3 proofs in discussion:
v1. (n = 1/L, discovered by human )
v2. (n = 1.75/L, discovered by human )
V.GTP5 (n =< 1.5/L, discovered by Al )

Sebastien argues that the v.GPT5 proof is impressive, even though it is weaker than
the v2 proof. (2/9)

Ernest Ryu @ErnestRyu Aug 21
The proof itself is arguably not very difficult for an expert in convex optimization, if
the problem is given.

Knowing that the key inequality to use is [Nesterov Theorem 2.1.5], | could prove v2
in a few hours by searching through the set of relevant combinations. (3/9)

Ernest Ryu @ErnestRyu Aug 21
(And for reasons that | won't elaborate here, the search for the proof is precisely a
6-dimensional search problem. The author of the v2 proof, Moslem Zamani, also
knows this. | know Zamani’s work enough to know that he knows.)

(4/9)

Ernest Ryu @ErnestRyu Aug 21
(In research, the key challenge is often in finding problems that are both interesting
and solvable. This paper is an example of an interesting problem definition that
admits a simple solution.)

(5/9)
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B = Brownian motion

Wiener integral

I(f) ::/Rf(u)dBu, f € L*(R)

Ivan Nourdin (Univ. of Luxembourg) The future of mathematics in the age of Al 18 /95



B = Brownian motion

Wiener-1t6 integral

Id(f)::/ f(ur,...,uq)dBy, ...dBy,, fecl2(RY), d>1
Rd

Ivan Nourdin (Univ. of Luxembourg) The future of mathematics in the age of Al 19 /95



Fourth moment theorem

Fourth moment theorem (Nualart, Peccati, 2005)
Setting: Let d > 2 and F, = I4(f,) with (f,) C L2(RY).

Assumption: Suppose E[F?] — 02 as n — oo.

Conclusion: Then

Fo ™8 N(0,0%) <= E[FY] — 30*

Ivan Nourdin (Univ. of Luxembourg) The future of mathematics in the age of Al 20 /95



Malliavin-Stein

Malliavin-Stein (Nourdin, Peccati, 2007)

Let F: Q — R in D12 with E[F] = 0 and Var(F) = 1.
Then

sup |P(F € A) —P(N(0,1) € A)| < 2E|1 — (DF, —DL™'F)|.
AeB(R)

Quantitative version of the FMT
Let F = I4(f) with f € L2(R9) and Var(F) = 1.

| A\

Then

2 -
= IP(F € A) — P(N(0,1) € A)| < %(]E[F ]-3).

Ivan Nourdin (Univ. of Luxembourg) The future of mathematics in the age of Al 21 /95



Malliavin-Stein webpage (5004 references

® e [ maiavinstein x o+ =

3 sites.google.comysite/malliavinstein/nome * O @

20.M. Al-Foraih and K. Es-Sebaiy improved Kolmogorov bound for
21.M.D. i i Jored D

22.R Balanand M.

23.R.Balanand G. tral é

24.A dand A-R i i in/Malliavin-Stei iables

25.A. Basse-O'Connor and D.

26.A. Basse-O'Connor and D.

27.A Basse-O'Connor, . gand s of
28.F. Bassetti, . Bourguin, 5.C: G i o
29.5. i c

30.C. Cai (2025): Local i it ixed Fractional Browni thO<kie/38

31.F. Caravenna, F. Cottini and G.

32.Y.Chen, . Liand H. Zhou (2025): isti Ornstein-Uhlenbeck
33.N. Chenavier and C. Y. Robert (2025): Central limi i langulationin 2D
34.1.Cimpean, Y. Nachit and CA. Tudor i i equation:

respecttothedata
35.F. Coppini and WM. i non-linear

36.T.Dang and Y. Hu (2025): De

37.C-P.Diez,L.daMaiaand|.

38.C.D and A. Rouault atheorem of Wchebor

39.H.Déring, A. Garin, C. L

40.5. Douissi, P. Ernst and F. Viens i e

® 41.A.Dunlap, Y. Gu and T. Rosati (2025): Invari KP; ti

49 M-C Ditkor and P




The perfect candidate!

FOURTH-MOMENT THEOREMS FOR SUMS OF MULTIPLE INTEGRALS

ANDREAS BASSE-O’CONNOR*, DAVID KRAMER-BANG' & CLEMENT SVENDSEN?#

ABSTRACT. Nualart & Pecatti ([Nualart and Peccati, 2005, Thm 1]) established the first fourth-
moment theorem for random variables in a fixed Wiener chaos, i.e. they showed that convergence
of the sequence of fourth moments to the fourth moment of the standard Gaussian distribution is
sufficient for weak convergence to the standard Gaussian. In this paper, we provide what we believe
to be the first generalization to chaos expansions with more than a single term. Specifically, we show
that a fourth-moment theorem holds for random variables consisting of sums of two multiple integrals
of orders p, g € N, where p, ¢ have different parities. Furthermore, we show that such random variables
cannot themselves be Gaussian, again generalizing what is known for the fixed Wiener chaos setting.
Finally, we show a fourth-moment theorem for variables with infinite Wiener chaos expansions when
the terms in the expansions are independent and satisfy an additional regularity condition in terms

of the Ornstein-Uhlenbeck operator.

kKoK sk k >k k

Theorem 1.1. Let (Xy)nen be a sequence of random variables with chaos decompositions Xp, = Yn+Zyp
for all n € N, where (Ypn)nen and (Zn)nen are sequences from H, and H, respectively, and p € N is
odd and q € N is even. Assume that E[X2] =1 for all n € N. Then lim,_ E[X%] = 3 if and only if
Xn B> N(0,1) as n — 0.
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The perfect candidate!

Proof of Theorem 1.1. Due to the correspondence between multiple integrals and Wiener chaoses,
there exist vectors u, € HOP, v, € HO? for each n € N such that X,, = I,,(u,) + I;(vy,). Assume first
that E[X%] — 3 as n — 0. Since the sequence of fourth moments is bounded, we know that (X, )nen
is tight, and hence by Prokhorov’s theorem (see [Billingsley, 1999, Thm 3.1]) it suffices to show that if
(nk) ken is a subsequence such that (X,,)ken has a limit in distribution then this limit is A'(0,1). To
ease notation, we assume without loss of generality that (X,)nen itself has a limit x in distribution.

First, we show
(3.1) ka(Xn) = Ka(Ip(un)) + £a(Ip(vn)) + 6Cov(Iy(un)?, I;(ve)?), forallmeN.

By the binomial theorem, it follows for all n € N,

4
4 -
(3.2) E[Xi]=) (k>]E[Ip(un)4 I,(vn)*"].
k=0
For k = 1,3, the corresponding mixed moments in (3.2) vanish. Indeed, using the product formula (2.1)
three times directly yields

p (2p—2r1)Ap (3p—2(r1+72))Aq
(33) L(un)’lyva) = >, Y, 37 e(r1,72,73, 0, ) Iaps g2 +ra-ra) (71,72, T, U, )

=0  r3=0 r3=0
for some constants c(ri,72,73,p,q) € R and vectors h(ri,r2,73,u,v) € HOBGP=a=2r+r2473))  The
constants and vectors can be given explicitly, but as they are unimportant for this proof, we choose
not to state them to simplify the expression. Recall now that multiple integrals of order m € Ny are
centered unless m = 0. Since p is odd and g is even, 3p + ¢ is odd, which means there are no choices
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of r1,72,73 € Ng such that 3p + ¢ — 2(r1 + 72 + r3) = 0. Therefore, all terms in (3.3) are 0, implying
that E[I,(uy,)3I,(vs)] = 0 for all n € N. Analogous arguments show that E[I,,(u,)I,(v,)%] = 0. Thus,

(3.4) E[X%] = E[I,(us)*] + E[I,(vn)*] + 6E[Iy(un)?I4(v)?], forallneN.
Subtracting 3E[X2]2 = 3 (E[I,(un)?]? + E[I4(vn)?]? + 2E[I,(un)]E[I4(vn)?]) on both sides of (3.4)

gives us precisely (3.1). Since E[X2] = 1, the assumption E[X4] — 3 as n — oo is equivalent to
k4(Xn) — 0 as n — . Hence, by assumption, the right-hand side of equation (3.1) goes to 0 as
n — 0. Then, using the fact that Cov(Ip(un)? I4(ve)?) = 0 by [Ustiinel and Zakai, 1989, Eqs (6)
& (12)] and k4 (I (un)), a(I4(vn)) = 0 by [Nourdin and Peccati, 2012a, Cor. 5.2.11], we conclude that
K4(Ip(un)), K4(Iq(vn)) — 0 as n — co, which is equivalent to
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Now, the fourth-moment theorem [Nualart and Peccati, 2005, Thm 1] applies to the sequences

(I () /E{ I (1n)*]/2)nen and (Ig(vn)/E[Ty(vn)*]/*)nen, yielding
Ip (un) Iy (vn)
E[Ip(un)?]'? E[I,(vn)?]'/2
Since E[I,(ur)?], E[I4(vs)?] € [0,1] for all n € N, we can apply the Bolzano-Weierstrass theorem [Rudin,
1976, Thm 3.6] twice to guarantee the existence of a subsequence (ny)ken and scalars 02,72 € [0, 1] such
that limy_co E[I, (un, )] = 02, limg—e E[I4(vn,)?] = 72 and 02 + 72 = 1. Hence, together with (3.5),
it follows that Ip(un,) RN N(0,0?) and I,(vn,) N N(0,7%) as k — oo. By [Nourdin and Peccati,
2012a, Thm 6.2.3], marginal convergence in distribution of multiple integrals of different orders is
equivalent to joint convergence to the corresponding joint Gaussian where all covariances are 0, i.e.

that

(3.5) 2, N(0,1) and D2 N(0,1), asn— oo

(Ip(uny), 1g(vny,) L Na (O,Diag(a‘z,TZ)) , ask— oo,
which implies X, 2, N(0,1) as k — 0. By assumption (X;,)nen has limit 4 in distribution. Therefore,
so does the subsequence (Xp, )ken, implying u = N(0, 1), concluding the proof the first implication.
Now, assume that X,, 2> N(0,1). By [Billingsley, 1999, Thm 3.5] it suffices to show that (X2)nen is
uniformly integrable, which in turn follows if there exists some k > 4 such that sup,ey E[|Xa|*]* < o0
(by [Billingsley, 1995, p. 218]). By hyper contractivity of multiple integrals ([Nourdin and Peccati,
2012b, Thm 2.7.2]), there are constants ¢, ¢, > 0 such that

Sup LIy (un) 1 < cp supELL (1)1 < o

neN neN
and sup,,ey E[Z4(vn)8]Y < ¢gsup,ey E[Ip(us)?]/? < 0. Then, Minkowski’s inequality [Billingsley,
1995, p. 242] concludes the proof:

sup E[XS]Y6 < sup E[I,(un)®]® + sup E[Z,(v,)°]V® < co. O
neN neN neN
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The Malliavin-Stein experiment

With C.-P. Diez and L. da Maia, to appear in Stat. Prob. Letters.

ChatGPT 5 v

lvan Nourdin (

iv. of Luxembour;

B 2502.03596v1.pdf
PDF
B 12034147va.pct
PDF

Paper 2502.03596V1 establishes a qualitative fourth moment
theorem for the sum of two Wiener-Ité integrals of orders p and q,
where p and g have different parities. Building on the Malliavin-Stein
method (see 1203.4147v3 for details), could you derive a quantitative
version for the total variation distance, with a convergence rate
depending solely on the fourth cumulant of this sum?

Réflexion durant 3m 2s

Yes.Let X =Y + Z with
Y =I(u), Z=I(), EX]=0, EX?)=1,
where p is odd and q is even (so p # q). Write N' ~ N(0, 1).
Step 1 — Malliavin—Stein starting point
Forany F € DY with EF = 0,

dyy(F,N) < 2E|1— (DF, —DL"F);,| < 2y/Var((DF,-DL"'F)y).

Here we used Cauchy-Schwarz for the second inequality. 0
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Step 2 — Decompose the Steinfactorfor X =Y + Z
Since —L’IIP = %Ip, we have

1

1 1
(DX,~DL™'X) = ~|DY|*+ _|DZ|*+ (. + - ) (DY, D2).
q P q

|
p
Seto? = E[Y?], 07 = E[Z%] = 1 — 07, and define
1 1
4y =0y — ~|DY|?,  A,=0;— | DZ|*.
p q
Then

11
1- (DX,-DL'X) = A, + A, — (7 + —)(DY,DZ).
P q

Hence

Var((DX,-DL'X)) = E(l — (DX, —DL—1X>)2 < 3(EA§, +EAZ+ (% + %)2]E(DY,DZ)2).
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Step 3 — Control each term by the fourth cumulant pieces
For a single chaos, the Malliavin identity (Lemma 5.3) yields, for any ¢ > 1 and o= IE[FZ],
1

E(o - ;||DFH2)2 <!

4 4 _ 4
37 (IE[F ] — 30 ) = k4(F).

Applying thisto Y and Z gives

-1 -1
]EAIZ, < p3 ka(Y), IEAz < q3 k4(Z). :contentReference[oaicite:1]index=1
P q

For the cross term, expand (DY, D Z) with the product formula; comparing the resulting chaos-by-
chaos coefficients with those of Y'2Z? shows

E(DY,DZ)* < (min(p,q)!)’ Cov(Y?, 22),

(standard contraction calculus from the product formula). We will only use that Cov(Yz, Z2) > 0 for
p#g O O

Finally, for different parities (odd p, even q), the fourth cumulant of the sum splits as
k4(X) = ka(Y) + k4(Z) + 6 Cov(Y?, Z%),

because the “odd mixed” fourth moments vanish in that case; in particular each term on the right is
nonnegative. 0O

Ivan Nourdin (Univ. of Luxembourg) The future of mathematics in the age of Al 29 /95



The Malliavin-Stein experiment

Step 4 — Put together a quantitative bound depending only on r4(X)

Combine the bounds above:

2

G ) ] i

Var((DX,-DL™'X)) < p; ! ka(Y) + a ; ! ke(Z) + 1(% + 3)2(min(p, q)!)2 Ka(X)

since k4(Y) + k4(Z) < ka(X) by the decomposition above.

Therefore,

1 g1 1.1 1y
drv(X,N) € 20/Cpmi(X), Gpgi= Pt + T2t S (04 1) (min(p,))”

This is a fully quantitative “fourth-moment theorem” for the sum of two Wiener-It6 integrals of different

parities: as soon as k4(X,,) — 0, one gets the rate

dTV(XmN) = O( \% ’{'4(Xn))7

with a constant depending only on the orders p, g (not on the kernels u, v). It reduces to the classical

single-chaos bound when the other term vanishes; compare Theorem 5.4 in the lectures. 0O
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Notes. The constant prq above is explicit but not sharp; improving the coefficient in the cross term only
requires a finer comparison between E(DY', DZ)? and Cov(Y 2, Z2) via the contraction formula (2.1).
The dependence on 4/ 54(X) matches the optimal order known on fixed chaoses. 0O

Sources

0PI

Give me ALL the details so that | can carefully review them and
directly integrate them into my research paper

Réflexion durant 3m 5s

Here is a complete, line-by-line derivation of a quantitative fourth-moment theorem—in total variation—for
X =Y+ Z = I,(u) + I,(v), p#gq, podd, geven, E[X?] =1,

whose rate depends only on the fourth cumulant k4(X) = IE[X“] — 3. I keep all constants explicit in

terms of p, g, and | cite every ingredient.
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Theorem (Quantitative two-chaos fourth-moment theorem, TV metric)
LetY = I,(u) € Hyand Z = I(v) € Hy be multiple Wiener-Ité integrals of orders p and g (over an
isonormal Gaussian process), with p odd and g even, and assume E[X?] = E[(Y + Z)?] = 1. Then

dTv(X,N) <2 prq.‘%(x) y

where N ~ N(0,1) and
_p-1 g-1 Ly 2, 1)?
Cpq = T + e Ty (mm{p, q}) (;, + 5) .
Consequently, k4(X,,) — 0 implies dry(X,, N) — 0 with the quantitative rate O(/k4(X},)).

Ingredients and preliminaries (with sources)

Chaoses, contractions, product formula. Multiple Wiener-Itd integrals I,.(-) decompose LZ(Q) into

orthogonal chaoses; the contraction f ®, g and product formula
PAq 2\ (q o
B0 = X1(7) (7) o750

are standard, and will be used repeatedly. O 0O O
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Malliavin operators and chaos-actionof L' f F = Y .| I(f,), then D,F = % ., r I, _1(f (-, 1))
and L7'F = — Yot %Ir(fr). In particular, for a single chaos component F = I,,,(f): ~DL™'F =
lpF. 0 ©

Malliavin-Stein TV bound. For centered, unit-variance F' € ]]])1’2,

drv(F,N) < 2E[1 — (DF,-DL'F)| < 2\/Var((DF, —DL'F)).
(Second inequality by Cauchy-Schwarz.) 0O
Fourth-cumulant decomposition for a mixed-parity sum. With X =Y + Z and p odd, q even, one has
k4(X) = ka(Y) + k4(Z) + 6Cov(Y?, 2%,

because the odd mixed moments vanish by parity (via the product formula). Moreover COV(Y2, Z2) > 0.
O O O

Sharp chaos-wise fourth-moment control of the Stein factor. If F' = Im(f) with variance o2,

B(o?— IDF?) < LR - 30")

(we will apply thiswith FF =Y, Z). O
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Proof
Step 1: Expand the Stein factorfor X =Y + Z.
Using —DL7'Y = %DY and —DL'Z = %DZ, we have

1 1 1 1 101
(DX,-DL7'X) = <DY +DZ, DY + —DZ> = —|DY|* + || DZ|* + (— + —)(DY,DZ).
P q P q P q

By orthogonality of different chaoses, E(DY ', DZ) = 0 (since DY € chaos p — 1 and DZ € chaos
g — 1, which are different whenp # q). O

Define the centered pieces

1 1

P 2] _ 2 . 2 71 2 R =
A= BV’ - DY, Ag=EZ7) - D2, Ti= (p+ q)(DY,DZ).

1

5!

Then, since E[Y?] + E[Z?] = E[X?] = 1, we have
1-(DX,-DL7'X)=A,+ A, - T,

andE[4,] = E[4,] = E[T] =0.

Therefore,

Var((DX,-DL™'X)) = E[(4, + 4, - T)*] < 3(JE[A§] +E[42 + IE[TZ]),

by (a + b+ c)? < 3(a® + b2 + ).
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Step 2: Control of E[A2], E[AZ] by fourth cumulants.
Apply the single-chaos inequality to Y and Z (with 0% = E[Y2], E[Z?] respectively):

q—1
3q

k4(Z).

pl =

E[42] < ps’plm(y), E[42] <
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Step 3: An exact contraction-level identity for E(DY’, DZ)2 and comparison with
Cov(Y?, Z%).
Write DY (t) = p I, 1(u(-,t)) and DZ(t) = q I, 1(v(,t)). Using the product formula on each ¢ and
integrating (one more contraction arises from the ¢-integration), we get the chaos expansion
-1\ /¢-1 — .
(DY,DZ) pqz r— 1)' _1 _1 Ip+q,2,«<u ®r ’U), m := min{p, ¢}.
(Here we used DyI,(u) = pI, 1(u(:,t)) and the product formula; orthogonality of different orders

ensures the chaotic decomposition.) O O

Squaring and taking expectations (orthogonality across distinct chaos orders),

]E(DY,DZ>2:pzqzi[(r—l)!<p_l><z:i)} (p+q-20)[ud o> (%)

r—1
r=1

Likewise, by the product formula applied to Y2 and Z2,

Cov(Y? 2% = i ()() (p+q-2r)|[us o’ (k)

r=1

and each summand is nonnegative (indeed COV(Y2, ZZ) >0. 0O DO
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Coefficient ratio. Compare the coefficients in (%) and (J%). For every r > 1,

p

q

@) "
since (2~ 1)/( ) =r/pand (r — 1)!/r! = 1/r. Therefore,

E(DY,DZ)? f:ﬂ{ ( )(T>]2(p+q72r)!\\mw}.

r=1

e -0 ED] e () () =,

Because each bracket is nonnegative, we immediately obtain the comparison

| E(DY,D2)* < m*Cov(Y*,2%) |, m=min{p,q}.
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Step 4: Put the bounds together.
Recall T' = (% + %)(DY, DZ). Then

2
E[T? < (}; + ;) m? Cov(Y?, Z2).
Collecting Step 1and Step 2,
2
Var((DX,-DL'X)) < 3( Lra(Y) + Glra(2) + ( + %) m? COV(YZ,Z2)>.
So

Var((DX,-DL X)) < (2 + £ (V) + (5 + 51 ) na(2) + 5 (L + §)zm2 -6 Cov(Y?, 22).

Because k4(X) = k4(Y) + ka(Z) + 6Cov(Y'2, Z%) and all three pieces are nonnegative, we can
bound the RHS by

(5t + 5+ imt (4 1)?) ma(X) = G ra(X),

with m = min{p, ¢}. Combining this with the Malliavin-Stein TV bound finishes the proof:

dry(X,N) < 24/Var((DX,—DL X)) < 24/Cpqra(X

(The first inequality is Theorem 5.2 in the survey, applied with F' = X ; the second is the variance bound

we just proved.) O
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Remarks and refinements

1. Tightness within a single chaos. If one of the components is zero (say Z = 0), the argument

dry(Y,N) < 2\/%54(1/)7

which is the standard fourth-moment/Stein estimate on a fixed chaos (no extra factor 3 appears), directly

reduces to

from the single-chaos inequality. O

2. Sharper cross-term constant (optional). The worst-case bound E(DY’, DZ)2 <
m?Cov(Y?, Z?) replaced r? by m? inside the sum. If one keeps the exact expansion >, 72(- - - )
and compares to ZT 1. ( .. ), the effective multiplicative factor is the weighted average
>, rwy/ Y, wy with weights w, == [r!(?) (9)]2(p + g — 2r)! ||[u ®, v||*. In specific models
where contractions concentrate at small 7, this strictly improves m2.

3. Why parity matters. The equality k4(X) = £4(Y) + k4(Z) + 6Cov(Y'2, Z2) relies on the mixed
odd moments vanishing when p is odd and q is even—this is proved in Paper 2502 via repeated use of

the product formula—and guarantees all terms are nonnegative (fourth cumulants on a fixed chaos

are > 0; the square-covarianceis > 0). O O
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References to the uploaded papers (where each cited fact appears)
*  Malliavin-Stein TV bound drv(F, N) < 2E|1 — (DF,—DL 'F)|: Theorem 5.2. (3
*  Single-chaos fourth-moment control E(c? — || DF||*/m)? < Z=L(E[F*] — 35*): inequality
(561). D
¢ Chaos expansion & product formula (definitions, contractions, orthogonality). © O
* Derivative identity D;I,,,(f) = m L,_1(f(-,¢)). O
« Pseudo-inverse L ! and its action on chaoses. O

» Fourth-cumulant decomposition for mixed parity and positivity of COV(Y2, Z2). 0O O
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Copy-paste statement for your paper

Theorem. LetY = I,(u) € Hyand Z = I;(v) € H,withpoddand g even, andset X =Y + Z
with E[X?] = 1. Then

p—-1 g-1 1/ . 201 1y2
dv(X,N(0,1) < 20/ Cpyra(X),  Cpg= T+T+§<mln{p,q}) (;+§) :

In particular, drv (X, NV (0,1)) = O(1/k4(X)) as ka(X) L 0.

Proof. Using the Malliavin-Stein bound drv (F, N) < 24/Var((DF, —DL~1F)) for unit-variance
F,applyitto X =Y + Z and expand

(DX,~DL7'X) = J|IDY | + [ |DZ|]* + (; + ;)(DY,DZ).

writing A, = E[Y?] - | DY |*/p, Ay = E[2°] - ||[DZ|*/q,and T = (% + £)(DY,DZ), one
has Var((DX,—DL'X)) < 3(E[A2] + E[A2] + E[T?)).

The single-chaos bound yields ]E[Az] < %m(Y) and ]E[Ag] < %M(Z)A

Using the derivative identity and the product formula, E(DY", DZ)2 = E;"Zl r2 W, and

Cov(Y? Z?) = ZT:l W, with nonnegative weights W;; hence E(DY, DZ)? < m?*Cov(Y?, Z?%)
,m = min{p, ¢}.

Finally, since k4(X) = ka(Y) + ka(Z) + 6Cov(Y2, Z2) in the mixed-parity case and all three
addends are nonnegative, we arrive at Var ((DX, —DL ' X)) < Cj,4x4(X) and conclude. @

All cited steps correspond to: Malliavin—-Stein TV bound and the single-chaos fourth-moment control
(survey 1203.4147v3, Thm 5.2 and (5.61)), the product formula and Malliavin derivative identities (survey
§4), and the parity-based cumulant identity plus positivity (paper 2502.03596v1,83). O 0O O
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If you'd like, | can also add a short appendix with the explicit coefficient-matching calculation turning (*)

and (**) into the 72 factor, so you can drop it straight into your manuscript.

Sources

G0 PPE T
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Can you check your formula for Cov(Y”2, Z~2) and provide me with
the details?

Réflexion durant 59s
Great question — yes, let’s check it carefully and derive Cov(YZ, ZZ) from first principles, keeping every

coefficient explicit.

LetY = I,(u) and Z = I,(v) with symmetric kernels u € L?*(R%), v € L*(R%). Write * for

symmetrization and ®,. for the r-th contraction.

1) Start from the product formula for one product Y Z

By the multiplication formula for multiple Wiener—Ito integrals,
m
YZ = Z 7! <p> (q) Imq,z,(m), m := min{p, ¢}. (product formula)
r)\r
r=0

Thisis (4.43) inthesurvey. O O
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2) Square and take expectation

Because different Wiener chaoses are orthogonal, only equal orders survive when we take expectations.

Hence

“S Q) () 2]

=(p+q-2r)! [[ud,v[?

The isometry E[I).(f)?] = k! || f||? and orthogonality are stated around (4.37)—(4.39).

Therefore,

E[Y*Z’] f:( ( >(T>)2 (p+q—2n)! [[uso||" (A)

r=0
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3) Subtract the product of variances
We also know

E[Y? =p!llul?,  E[Z%] =g¢!|?
by the same isometry. 0O

To pass from E[(Y Z)?] to the covariance Cov(Y2, Z2), we must check that the 7 = 0 term in (A)
equals E[Y2] E[Z2]. Using symmetrization of the tensor product,

plq

!
Prq) llull?l]f?,

(P + g)-sym(u®)|* =

so that

(p+a) [u®v]® =plgul*|v]* = E[Y*| E[Z7).
—_—
the 7 = 0 summand in (A)

(Notation and use of symmetrization appear explicitly in the two-chaos paper; see the definition line ”
u \textlbrackbraceright} v denotes the symmetrization of the r-contraction” and surrounding

discussion.) O
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4) Final covariance formula

Since the 7 = 0 summand cancels exactly with E[Y %] E[Z?], we obtain:

Cov(¥?, 2%) mijf) () () @+ a2 ®)

Each term is nonnegative, hence Cov(YZ, Z2) > 0 (a fact also noted in the mixed-chaos paper via
Ustiinel-Zakai). O

Cross-check with the route via Y2 and Z2 separately (optional)
One could also expand Y2 and Z* individually using (4.43) with f = g; see equation (5.64) in the survey
for F2 when F = I,(f):

q

L) =Y s (Z)z Ly 2s(F @5 f)-

=0

Then E[Y2Z?] collects only pairs (s, t) with 2p — 2s = 2q — 2t; arranging the combinatorics
reproduces (B). O O
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What this fixes/clarifies
* The exact covariance is the sum over 7 = 1,...,min(p, q) with coefficient (r!(?) (Z))2(p +q-
2r)! multiplying ||u &, v||>.
+ Ther = 0 term equals E[Y%]E[Z?] and therefore drops out in the covariance.
*  This confirms the formula | used implicitly earlier and justifies comparing E(DY’, DZ)2 to
Cov(YQ, Z2) by mapping both to sums over the same contractions. (The symmetrization notation

and positivity are the precise bridge.) O

If you want, | can also give a two-line “manuscript-ready” lemma stating (B) with a short proof via “square
of the product” (Steps 1-3).

Sources

6P a o
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| think you are mistaken in claiming that
$(p+q)!\|lu\widetilde{\otimes}v\|*2 = p!g!\|Ju\|*2\|v\|*2$. Why should
that be the case?

Réflexion durant 2m 35s

You're absolutely right — that identity is not true in general. | mistakenly wrote

wrong

——2 ( )
(p+q)! [u®o]” =" plg! |[ulv]?
but, except in special cases, there are extra terms coming from mixed contractions between u and v.
Here is the correct statement (and why).
The correct identity for ||u ® v||?

Letu € H®P, v € H®? (symmetric kernels). Write ®, for the usual 7-contraction (NP Def. 4.6) and * for

symmetrization. Then

m
o+t [7@il =sta Y (2) () lus ol m=pna.
r=0
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Sketch of proof: write the symmetrization explicitly as the average over S, 4, square it, integrate and
group pairs of permutations by the number r of indices shared between the two p-blocks. The integral
attached to a given r reduces to Hu [ UH2 (exactly the same counting used for f ® f in NP, egs.
(5.64)-(5.65), now with two different kernels), and the number of such pairs yields the binomial
coefficients above. See the product/contract-ion framework in NP Thm. 4.7 and the permutation counting
in (5.64)-(5.65) for the identical-kernel case; the mixed-kernel computation proceeds verbatim. O

0O DO

Two immediate consequences:

¢ Ingeneral,

m
2 20,112 P\ (aq 2
o+ ! [T = ptat Pl + a3 () (7) ool
T T
r=1
so the equality | wrote earlier holds iff all mixed contractions vanish, i.e. u ®, v = 0 forevery 1 <
r < m. This occurs, for instance, if u and v are supported on orthogonal subspaces (no coordinates
in common).
« Counterexample (the simplestone):p = ¢ = 1, u,v € H.
Hereu ® v = 2 (u® v + v ®u) and

2 [u®|® = [lul®llv]* + (u,v)%,

which equals ||u||||v]|? only when (u,v) = 0.
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The Malliavin-Stein experiment

Why this matters for Cov (Y2, Z?)

LetY = I,(u), Z = I (v). Using the product formula (NP Thm. 4.7),

YZ= Zr'( )() g2 ®, 1),

SO

m

BY?Z%) =Y (r ()(Z) ) (p+g—2r)!|[u®, |’ (isometry)

=0

Subtracting E[Y 2| E[Z?] = p!||u||? ¢!||v||? and using the correct identity for the 7 = 0 term gives the
clean decomposition

cov(w,zz):pzq!é(f)( )llu@ olf? + Z w( )( ) Y (p+q—2)! [

Forp = g = 1 this yields Cov (Y%, Z2) = 2(u, v)?, as it should.

In particular, keeping just the 7 = 1 piece recovers the classical nonnegativity lower bound
Cov(Y?,Z%) > plalpglu i v|?

as cited in 2502.03596 (from Ustiinel-Zakai). O
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The Malliavin-Stein experiment

All ingredients used above — contractions, product formula, square-expansion and the permutation
counting behind symmetrization — are exactly thoseinNP §4-5. O O

Thanks for flagging this — I've corrected the step and, downstream, any place where | had implicitly
canceled the 7 = 0 term. The right way is to use the identity with mixed contractions; only when all u ®,

v (r > 1) vanish does the “naive” equality hold.

Sources
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The Malliavin-Stein experiment

So in the end, how do you prove the inequality in step 3 of your
proof?

Réflexion durant 50s

You're asking about the key comparison used in Step 3, i.e.
EDY, DZ>2 < m?Cov(Y?, 2%, m := min{p, ¢},

forY = I,(u), Z = I,(v) with symmetric kernels uw € H®?,v € H®4.

Here is a fully explicit derivation.

1) Chaotic expansion of (DY, DZ)
Write DY = pI,_1(u(-,t)) and D;Z = qI,1(v(:,t)). Then

(DY,DZ) = / DY D,Z dt :pq/Ip,l(ut)Iq,l(vt) dt, w:=u(t), v :=v(-1t).

Apply the product formula to the integrand (for each fixed t):
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The Malliavin-Stein experiment

m-1
-1 -1 PR
I 1 (w) I a(vy) = ZT! (p , ) (q , ) Lga-o(w & o).

=0

Integrate in ¢ and use Fubini. The map t — u; ®, v; integrates to the (r+1)—contraction of u and v:

/Mdt:m.

Hence, after reindexing s =7 + 1 € {1,...,m},
- p—1)(q-1
(DY,DZ) = qu (sfl)!(s B 1) (s _ 1) IPHI,QS(u =N v). (1)
s=1

Taking L?-norms and using orthogonality of different chaoses,

B(DY,DZ)* = Zm: [pq (3—1)!@: i) (q: i)]z (p+g—25)! |[u g, o)™ @)

S
s=1
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The Malliavin-Stein experiment

2) Chaotic expansion of Cov(Y?2, Z?2)

From the product formula for Y Z and the isometry,
E[Y?7%] = 3 ’ 29)! |[u ;0|
I
Subtract E[Y'2] E[Z?] = p!||u||? ¢!||v||. Using the identity

(o) [T@T) = plgt (P) (q) lu®, |,
=0

the s = 0 term splits as the product of variances plus a nonnegative remainder. Thus

m

Cov(Y?, 2% = ;[ ( )(g)r (p+g-29) [udio|” + p'q'Z( )( ) llu e, v]*(3)
m >
In particular, 0
Cov(Y?, 2% > iwy (4)
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The Malliavin-Stein experiment

3) Coefficient-by-coefficient comparison

Compare the coefficients in (2) and the W—part of (3). Use

Co)=50 (D=0 e

Therefore

s!

e (10) (120 =25 ()50 =) )

Squaring and comparing to W gives, termwise,

[pa (s—l)!(p - 1) (2= i)} (prg-29)! [7B 0] = 5 W..

s—1)\s—

Hence, from (2),

EDY,DZ)" =Y W,
s=1
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The Malliavin-Stein experiment

4) Conclude the inequality
Combine (5) with (4):

HDY,DZ>2 = isZWs < ( max 52) iWs < m2iWs < m?Cov(Y? Z%).
=1 =1

- 1<s<m
s=1
This proves the claimed comparison, with no parity assumption needed.

Finally, the exact term used in the TV bound is

E[T?] = (l + 5)21F4DY, Dz) < (; + ;)2m2 Cov(Y?, Z2).

p

Optional sharpening (if you want a tighter constant)
From (5) and (4),
m m 2
2 _ 2 D18 Ws 2 72
EDY,DZ)’ = (} s Ws) < (72511 W )cov(y , 2%,

s=1

so the optimal multiplicative factor is the weighted average 3" s?W;/ S~ W, € [1,m?] (weights W}). In
concrete models where contractions concentrate on small s, this improves the universal m2.

@6 PO 0
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The Malliavin-Stein experiment

B 0705.0570v4.pdf
PDF

Turn our discussion into a research paper prepared for journal

submission.

Follow my writing style (see the attached paper 0705.0570v4 as a
reference).

The paper must include:

- Introduction: provide background and context for the work.

- Main result: clearly state the central contribution.

- Detailed proof: give a step-by-step proof with no steps omitted.

- Bibliography: include a complete and properly formatted list of
references.

The final output should be a LaTeX file that compiles without errors.

Réflexion durant 1m 28s

latex @ Copier le code
\documentclass[1lptl{article}
\usepackagelaspaper,margin=1in]{geometry}

\usepackage{amsmath, amssymb, amsthm, mathtools}

\usepackage{bm}

Ivan Nourdin (Univ. of Luxembo The future of mathematics in the age of Al



The Malliavin-Stein experiment

\newblock \emph{Lectures on Gaussian approximations with Malliavin calcu? 7'
(9 Copier le code
\newblock arXiv:1203.4147v3, 2012.

\bibitem{Parity-Paper}

{[Mixed-parity two-chaos fourth-moment theoreml}

\newblock \emph{A qualitative fourth-moment theorem for sums of two Wiener—--It\”“o integ
\newblock arXiv:2502.03596v1, 2025.

\bibitem{Nourdin-AOP-Style}

I.~Nourdin,

\newblock Asymptotic behavior of weighted quadratic and cubic variations of fractional
\newblock \emph{Ann.\ Probab.} \textbf{36} (2008), no.\ 6, 2159--2175. Style referenc

\end{thebibliography}

\end{document}
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The Malliavin-Stein experiment

Can you add a "Concluding Remarks" section, where you summarize
the main points and propose possible directions or extensions for
future work?

latex (9 Copier le code
\section{Concluding Remarks}

In this work we established a quantitative fourth-moment theorem in total variation dis
The proof relies crucially on two key ingredients: (i) a sharp single-chaos control of
Several natural directions emerge for further investigation. First, one could study whe
We hope that the techniques introduced here will serve as a stepping stone toward a bro

G0 Pda O
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The Malliavin-Stein experiment: extension to the Poisson

case

B 2502.03596v1.pdf
PDF

B kL
PDF

Here is a paper (2502.03596Vv1) proving a fourth moment theorem for
the sum of two multiple Wiener-It integrals with different parities. |
would like you to extend it to the Poisson case, using the ideas
contained in 1707.01889v2.

Réflexion durant 3m 10s
Here's a clean Poisson—chaos analogue of Theorem 1.1in 2502.03596, phrased so the proof can be done
with the Débler-Vidotto-Zheng (DVZ) exchangeable-pairs/spectral method (1707.01889).

Theorem (Poisson two-chaos fourth-moment theorem, different
orders)
Fix integers p # ¢ and let { X, } be real random variables on a Poisson space with chaos decompositions

Xo=Yo+Zy,  Ya=1I1)(fn), Zo=I}(9n),

where f, € L2(uP), g, € L2(p9). Assume E[X 2] = 1 foralln and E[X ] — 3.
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The Malliavin-Stein experiment: extension to the Poisson

case

Suppose, in addition, that the mixed-terms are asymptotically negligible in the following sense:
E[Y3Z,] -0, E[Y,Z)]—0, and Cov(Y; Z2) — 0. (A)
(Concrete sufficient kernel conditions for (A) are listed just below.)
Then X, = N(0,1).
Sufficient kernel-level conditions for (A)
A convenient way to guarantee (A) is to impose that all “odd total” cross star-contractions vanish:
(| Fn % Gnllp2urrarey =0 foreveryl <r <pAgq, 0<£<r,7+/Lodd, (B1)
and, moreover, that all cross-contractions vanish in L%
lfn ®r gnll2 — 0 foreachl<r <pAg. (B2)

(Heuristically: (B1) kills the odd mixed moments E[Y;? Z,,], E[Y, Z3], while (B2) kills the residual energy in
Cov(Y;2, Z2).)
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The Malliavin-Stein experiment: extension to the Poisson

case

Why this works (sketch, with the exact points where DVZ is used)

1. Set-up on the Poisson space. DVZ recall the chaos projections J,, the Ornstein-Uhlenbeck
generator L, and the carré du champ I' (our workhorse objects) for the Poisson setting, together with
the basic orthogonal decomposition and the Mehler/semigroup calculus; see (2.2)-(2.3) and
surroundings. O 0O

2. Product/mixed expansions live on finitely many chaoses. For F' = Ig(f), G = Ig(g), the product
FG has a finite chaos expansion FG = Zf:g J,.(FG) with explicit top kernel by, = f®g. This
formalizes how mixed moments are built out of contractions/star-contractions. 0O

3. Fourth-cumulant decomposition for a sum. For centered, orthogonal Y;,, Z,, (automatically

orthogonal because they sit in distinct chaoses), one has the algebraic identity
k4(Xn) = ka(Yn) + ka(Zn) + 6 Cov(Y2, Z2) + 4E[Y;2 Z,] + 4E[Y, Z5). (*)

In the Wiener case, 2502.03596 shows that the two odd mixed moments vanish by parity, yielding their
equation (3.1) with only the 6 Cov(Y;2, Z2) correction. O O

On the Poisson space, parity no longer kills the odd terms, so we assume (A) to suppress them.
Since E[X2] — 3 and E[X?2] = 1, we have r4(X,) — 0. With (A), (x) yields

k4(Yn) + k4(Z,) — 0. (**)
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The Malliavin-Stein experiment: extension to the Poisson

case

4. Turning k4 — 0 into normal approximation in fixed Poisson chaoses.
DVZ give quantitative fourth-moment bounds on the Poisson space for a fixed chaos: for F' = Ig(f),

(eg) [l — L) < VEF] - 3E[F??,

for smooth test functions (and even dry in the single-chaos case; see Remark 4.3). Hence, K4(F) -0
implies F' is asymptotically Gaussian. Apply thisto F =Y, and F = Z,,. O
5. Joint (vector) normality, then the sum.
The DVZ multivariate Peccati-Tudor theorem shows that, once each coordinate Y,, and Z,, is
asymptotically Gaussian and the covariance matrix converges, the vector (Y5, Zn) is asymptotically
Gaussian as a whole; apply Corollary 1.8/ Theorem 1.7. Since Y;, and Z,, live in different chaoses they
are uncorrelated, so the limiting covariance is diagonal and their sum X, converges to N(O7 1)4 0
6. Why (B1)-(B2) imply (A).
Using the finite chaos expansion of FG and the structure of contractions/star-contractions (step 2),
(B1) forces the 0-th chaos component of YnsZ,,, and YnZg to be absent, giving ]E[YnsZn] =
]E[YnZﬁ] = 0. Condition (B2), together with DVZ's spectral estimates for I and the variance of
projections, kills the residual covariances:

Cov(Y;?, Z}) < VE ] VEIZ]] - 3E[Z2® = 0,

whenever cross-contractions vanish (see Lemma 2.3, casep < q). O
f p = g _use the corresponding bound (2.8): our theorem assumes p = g_matching thic "two different
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The Malliavin-Stein experiment: extension to the Poisson

case

7. How DVZ's exchangeable pairs enter the machinery.
Behind the quantitative bounds sits the thinning-based exchangeable pair (F, Ft) built from the
Mehler semigroup on the Poisson space; the key identities (Prop. 3.2) link L, I, and a fourth-moment
remainder, all controlled by 4. This is the reason the whole argument can be reduced to fourth
cumulants on Poisson chaoses, analogously to the Gaussian case but via a different tool. O

Remarks and variants

*  Why we don't claim a Poisson analogue of Theorem 1.2 (strict non-Gaussianity).
In the Wiener case, squares of different chaoses are positively correlated (Ustiinel-Zakai), yielding
k4(Y + Z) > 0 for odd/even parities. O
On the Poisson space such unconditional positivity is not available; DVZ provide upper (not sign)
controls for Cov(F2, G?) via contractions. Hence we refrain from asserting E[X*] > 3 in full
generality.

* Minimal assumptions.
If you prefer to avoid (B1)-(B2), it suffices to assume (A) directly. In many applications (e.g., disjoint
supports of f,, and g,; or vanishing cross-contractions by construction), (A) is automatic by the
product decomposition of step 2.

* Independence-style corollary.

If Y,, and Z,, are independent (e.g., built from independent Poisson measures), then (A} holds and the
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The Malliavin-Stein experiment: extension to the Poisson

case

Quick pointer map
¢ Gaussian parity method and the identity for x4 (Y + Z) (equations (3.1), (3.4) in 2502.03596). O
0
« Poisson chaos calculus & projections J,.; product FG = Zf:g J.(FG). O
* DVZ quantitative fourth-moment bounds on Poisson chaos; single-coordinate fourth cumulant
controls distance to Gaussian. O
* DVZ multivariate Peccati-Tudor on the Poisson space. 0O
+  DVZ bounds for Var I and Cov(F2, G?) in terms of fourth cumulants/contractions. 0O O
* Thinning / exchangeable pairs identities (Prop. 3.2). 0O

If you'd like, | can turn this into a full paper-style write-up: statement + preliminaries on the Poisson space,
a short section proving that (B1)-(B2) = (A) via contractions, and then a self-contained proof leveraging

DVZ's bounds and their multivariate PT theorem.

Sources

0P Lo

Ivan Nourdin (Univ. of Luxembourg) The future of mathematics in the age of Al 65 /95



The Malliavin-Stein experiment: extension to the Poisson

case

In paper 1707.01889v2, isn't there anything that could show that
Cov(X”~2,Y"2) is always positive?

Réflexion durant 27s
Short answer: no—DVZ don't prove a general non-negativity result for Cov(FZ, Gz) on the Poisson

space.

What they do give is an upper-bound control (via chaos projections and Cauchy-Schwarz). In Lemma 2.3
they expand G? = >k Ji(G?) and, for p < q, deduce

2 2 22q S = 21\ /2
Cov(F*,G*) =RE|F Z Ji(G < (ZVar Ji(G )) s
k=1

then use their variance bound
>~ ! Var Jy(F?) < E[F*] — 3E[F?].
Thls erldS a magnitude estimate in terms of fourth cumulants, but no sign information. O O

By contrast, in the Gaussian/Wiener case there is a positivity theorem: squares of different chaoses are
positively correlated (Ustiinel-Zakai), which is exactly what 2502.03596 relies on to argue strict positivity
of the fourth cumulant in that setting. O O

DVZ also note a strict inequality E[F'4] > 3E[F?]? for any non-degenerate single Poisson chaos (their
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The Malliavin-Stein experiment: extension to the Poisson

case

So: in DVZ there's no analogue of Ustiinel-Zakai's positivity; only quantitative upper bounds for
|Cov(F?,G?)|.

Sources
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The Malliavin-Stein experiment: extension to the Poisson

case

What about (2.4)?

Réflexion durant 2m 5s

You're right to point at (2.4) — it does force a sign.

DVZ's Lemma 2.2 states
Var (0(F,G)) < PHa=1" = 1’ (EIF*G?] - 2E[FGP ~ Vax(F) Var(G)),

for F' € Cp N I G e ;N L*. Since the left-hand side is > 0 and the prefactor is > 0, the bracket

must be > 0. Hence

| Cov(F?,G?) > 2E[FG]* >0

In particular, if p # q then E[FG] = 0 by chaos orthogonality, so Cov(F?,G?) >0. O O

This is exactly the inequality DVZ use later when summing over coordinates (their (4.2)-(4.3)), yielding
Zi’j Var(['(F;, Fj)) < (Zq" b ([EHFH4 ]EHNH%), which again relies on the bracket being

nonnegative. O
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The Malliavin-Stein experiment: extension to the Poisson

case

So yes: within the Poisson-chaos setting of DVZ, (2.4) gives a universal lower bound (and in particular
nonnegativity) for Cov(Fz, G2).

Sources
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The Malliavin-Stein experiment: extension to the Poisson

case

So, could you give the new statement of the theorem that this
implies?

o 0

Réflexion durant 2m 19s
Great question—(2.4) lets you strengthen the “sum of two chaoses” statements on the Poisson space.
Here's a crisp version you can drop into your write-up.
Theorem (Poisson, two different orders; non-Gaussianity under
vanishing odd mixed terms)
LetY = I?(f) € Cpand Z = I}!(g) € Cywithp # gand EY = EZ = 0. Assume E[Y3Z] =
E[Y Z*] = 0. Then

ka(Y 4+ Z) = 64(Y) + ka(Z) + 6 Cov(Y?, Z%) > ka(Y) + ka(Z) > 0,

where the inequality Cov(Y2, ZZ) > 0 uses Lemma 2.2, eq. (2.4) of Dobler-Vidotto-Zheng (DVZ)
together with E[Y Z] = 0 for p # q. Hence, if at least one of Y, Z is non-degenerate, then r4(Y") +
k4(Z) > 0 (DVZ Remark 5.2(1)), so E[(Y + Z)*] > 3; in particular Y’ + Z is not Gaussian. O O

(Identity used: when the odd mixed terms vanish, the fourth cumulant of a sum decomposes as above; cf.

the same computation in the Wiener case, eq. (3.1) of 2502.03596.) O
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The Malliavin-Stein experiment: extension to the Poisson

case

Theorem (Poisson, fourth-moment theorem for a sum of two different
orders)

Let (X,,) be givenby X,, = Y, + Z, withY,, € Cp, Z, € Cy, p # g, and IEX% = 1. Assume
EXi —3, EY?zZ)—0, EY,Zi—o0.
Then X, = N(0,1).
Why: write
ka(Xn) = ka(Yy) + ka(Zn) + 6 Cov(Y;2, Z2) + AE[Y;2 Z,] + AE[Y, Z2).

By (2.4) of DVZ, Cov(Y;2, Z2) > 0 because E[Y;,Z,] = 0 for p # ¢. Hence the assumptions force
k4(Yy) — 0, k4(Zn) — O and Cov(Y;2, Z2) — 0. Applying DVZ's (qualitative) multivariate fourth-
moment criterion coordinate-wise (Cor. 1.8) to (Yn, Zn) yields joint Gaussian convergence with

independent components and therefore X,, = N(0,1). O O
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The Malliavin-Stein experiment: extension to the Poisson

case

Remarks
* Compared to the Wiener case in 2502.03596, the only extra hypothesis you need on the Poisson
space is the vanishing (or negligible) odd mixed fourth moments; parity alone does not kill them on
Poisson. Once those are controlled, (2.4) removes any need to assume Cov(YTf, Zﬁ) — 0—it
becomes a consequence of k4(X,) -+ 0. O O
¢ The strict positivity of m;(F) for any non-degenerate single Poisson chaos F' (DVZ Remark 5.2(1)) is
what gives the “strictly > 3" part in the first theorem. 0O

If you'd like, | can also phrase kernel-level sufficient conditions (in terms of star-contractions) that ensure
E[Y3Z] = E[Y Z3] = 0 in your Poisson setting.

Sources
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The Malliavin-Stein experiment: extension to the Poisson

case

To compare with the Gaussian result, and to explain why we cannot
avoid the assumption $E[Y_n"3 Z_n] \to 0$ and $E[Y_n Z_n"3] \to
0$, can you find a simple counterexample showing that we can have
multiple integrals $Y_n$ and $Z_n$ with different parities, where
$E[(Y_n+Z_n)"2] =1$, $E[(Y_n + Z_n)"4] \to 3$, but $X_n + Y_n$
does not converge to a Gaussian?

Réflexion durant 3m 24s

Yes — here's a very concrete Poisson—-chaos counterexample that does exactly that.

Take a Poisson random measure 7 on a space (X, i) and fix a measurable set A C X with p(A) = 1.
Write ) =1 — pand N := n(A) ~ Poisson(1).
Define first- and second-chaos integrals (different parities):
c Y:=I(14) = [14df = N—1(soEY =0, Var(Y) = 1).
o Z:=I(g)withg(z,y) = %1,4(1‘)1,4(7;)1{1%“. For this choice one checks (standard Charlier
polynomial identity)
7 - (N-12—-(N-1)-1
V2
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The Malliavin-Stein experiment: extension to the Poisson

case

ThenEZ = 0, Var(Z) = 1, and E[Y Z] = 0 (orthogonality of different chaoses).

Now form the unit-variance sum
X = aY +b2, >+ b2 =1.
A direct (one-line) expansion gives
E[X*] = a*E[YY] + 6a2b’E[Y 222 4 b*E[Z*] + 4a°bE[Y3Z] + 4ab® E[Y Z°).
For N ~ Poisson(1) the needed mixed moments are explicit:
E[Y* =4, E[Z'=53, E[Y?zZ% =9, E[Y*Z]=3Vv2 E[YZ% =14v2
Choose, for instance,
a = —0.9974260808, b= 0.0717022544 (so a® +b* = 1).
Plugging these into the formula above yields
E[X*] = 3.0000000000 (to machine precision),

while of course E[X?] = 1.
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The Malliavin-Stein experiment: extension to the Poisson

case

Crucially, X is not Gaussian: it is a degree-2 polynomial in the integer-valued IV, hence has a purely
discrete law with atoms (a Gaussian is absolutely continuous). Thus we have a sequence X,, = X (take
the same Y, Z, a, b for all n) such that

E(Y,+Z,) =1, E[(Y,+Z,)"]—3,
butY,, + Z,, does not converge to a Gaussian (it is already non-Gaussian for every n).

This shows exactly why, on the Poisson space, you cannot drop the assumptions

E[Y,f’Z"] — 0 and E[YnZﬁ] — 0.

In the Gaussian case those “odd" mixed terms vanish by parity, but here they do not—and they can be
tuned to cancel the positive contributions from r4(Y"), k4(Z), and 6 Cov(Y2, Z2), forcing E[(Y +
Z)4] = 3 while the sum remains manifestly non-Gaussian.

0P
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Conclusions from our experiment (August 20

@ In August 2025, our experience of doing mathematics with GPT-5
was overall mixed.

o |t felt very much like working with a junior assistant.
@ It seemed to favor only incremental research.

@ We had to check very carefully everything the Al produced and
constantly guide it so that it could correct its mistakes.
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What future for mathematics?

Spoiler: | don't have the answer!
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Mathematics and Al: the ‘old-fashion

Today, Al can help to...

@ navigate the literature (today, no
one can know everything in
mathematics)

@ generate new ideas (there is a lot
of noise, but it can also produce a
new or forgotten observation)

@ write and formalize (proofs
become clearer and better
structured)

... but this also comes with risks

plagiarism (using ideas without
proper attribution)

fewer original ideas (incremental
research, Al-slop)

hallucinations (generative Al
always gives an answer, even
when it is wrong — by design, it
cannot know that it is wrong)
deep changes in training (PhD

students will have to learn to do
research in a new way)
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A saturated publication system:

arXiv Mathematics — Number of Articles per Year (2010-2025)

we reinvent it?

Quasi-projectivity of moduli spaces
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@ Too many publications, too few readers,

almost no verification.

Non-quasi-projecti

e Linear (exponential?) growth of production vs stagnant
verification. Strong need for practical, usable proof assistants.

@ Move (or return?) from publishing more to publishing better.
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Are we sawing off the branch we are sitting on?

When Al
buildsitself

Our progress toward recursive self-improvement, and its
implications.

Parallel with Al for coding

Al is no longer just assisting developers. It is increasingly becoming part of
the development loop itself.

@ As of May 2026, more than 80% of the code merged into
Anthropic’s codebase was authored by Claude.

@ One Anthropic employee says:
“It has now been about five months since | last wrote any code
myself."”
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From coding assistant to autonomous agent

2021-2023
2023-2025
2025-2026

Today

2026-2027
20XX?

Humans write the code and build Claude “by hand”.
Chatbots generate snippets that humans copy and paste.

Agents such as Claude Code write, modify and test code
on their own.

Agents execute long tasks and delegate work to other
agents.

Agents may handle projects lasting several days or weeks.

Closing the loop: Claude trains Claude.

The direction of travel

The human role shifts from doing to directing, then from directing to

supervising.
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The human role is narrowing

“Claude-written code was somewhat worse than human-written
code at Anthropic in late 2025, is roughly at parity today, and we
expect it to be strictly better within the year.”

“Claude is faster, it creates zero debt, but each request to Claude
is also a lost bid for human collaboration.”

A paradox

Al removes friction, but friction is also where learning, collaboration and
shared understanding happen.
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What do we lose when everything works?

“On days where everything works well, | feel that nothing | do
matters... Then, on days where everything breaks, | realize that |
no longer really understand what | am doing."”

Will mathematics follow the same path?

Less manual work.
More delegation to agents.

Faster production.

But weaker intuition, fewer shared struggles, and in the end less
understanding.

Ivan Nourdin (Univ. of Luxembourg) The future of mathematics in the age of Al 83 /95



The evolution of Terence Tao's thinking on Al

Why Terence Tao? Since 2023, he has become the mathematician most
publicly involved in thinking about Al in mathematics.
What makes his testimony especially interesting:
@ He actively uses Al tools in his own research.
@ He has worked directly with Google DeepMind.
@ He likes to share his thoughts in real time (blog, Mathstodon, arXiv).
o

His judgment has evolved between 2024 and 2026, following the
progress of Al for maths.

What follows is a chronological overview of his statements, tracing how
one of the world's greatest mathematicians changed his views on Al in less
than two years.
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Act 1 — The mediocre PhD student (Oct. 2024)

In September 2024, OpenAl presents 01, a model specialized in reasoning.
Tao tests it on difficult research problems.

His verdict:

“[It] felt like advising a mediocre, but not completely incompetent,
graduate student.”

T. Tao, The Atlantic, Oct. 2024

Tao then explains: he is not comparing Al to a student in general, but to a
research assistant — able to do some useful tasks, but without an overall
vision.

In the same interview, he introduces the idea of “mathematics at

scale” :
“Instead of narrow, deep mathematics [.. .| you could have broad,

crowdsourced problems with lots of Al assistance [...]| at a much
larger scale.”
T. Tao, The Atlantic,_ Oct._2024
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Act 1 (continued) — Complementarity, not competition

Still in The Atlantic (Oct. 2024), Tao insists on one key point: Al and
humans have very different strengths.
“[Al-enabled mathematics] will remain human at its core, embrac-
ing how people and machines have very different strengths that
should be thought of as complementary rather than competing.”

T. Tao, The Atlantic, Oct. 2024

At that time: Tao is quite enthusiastic, but careful. He sees Al as a way to
help human ideas move more easily, not as an independent creator.

At the end of 2024, the best models solve <2% of FrontierMath.
AlphaProof (DeepMind) has just obtained the silver medal at the IMO (4
problems out of 6, proved in Lean).
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Act 2 — Medium tools, not the big guns (Oct. 2025)

One year later, Tao's position becomes clearer.
“I am increasingly of the opinion that the most productive near-
term Al adoptions in mathematics will primarily come not from
applying the most powerful models to the most challenging prob-
lems, but from using medium-powered tools to accelerate and scale
up more mundane and time-consuming, but still essential, research
tasks.”

T. Tao, Mathstodon, 16 Oct. 2025
In other words: it is not GPT-5 solving the Riemann hypothesis that will

change daily practice, but modest tools that automate checking, literature
search, case exploration, and translation into Lean.

The message
The real impact of Al will come from the bottom, not from the top.
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Act 2 (continued) — AlphaEvolve, 67 problems (Nov. 2025)

In November 2025, Tao publishes a paper with Google DeepMind on
AlphaEvolve, an evolutionary agent combining LLMs and automatic
evaluation.

Protocol : 67 open problems in analysis, combinatorics, geometry, and
number theory are given to AlphaEvolve.

Results :

@ Independent rediscovery of the best known constructions.
@ New constructions for the Kakeya problem over finite fields (dim. 3, 4
and 5).
@ New construction for Nikodym sets — the source of a forthcoming
paper by Tao.
What is new: Al does not solve a known problem, it explores a space of
constructions and finds objects that mathematicians had not considered.

Tao, Georgiev, Gdmez-Serrano, Wagner. arXiv:2511.02864, Nov. 2025.
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Act 3 — The turning year (early 2026)

In January 2026, an Al solves, in an essentially autonomous way, an Erdds

problem whose solution was not in the existing literature. Tao comments:
“2025 was the year when Al really started being useful for many
different tasks.”

T. Tao, quoted in Quanta Magazine, Apr. 2026

At the same time, Gemini Deep Think wins the gold medal at the 2025
IMO (35/42 points, in natural language, within the official time limit), and
the GPT-5 / Claude Opus 4.6 models solve more than 40% of
FrontierMath.

In one year, Tao moved from “medium tools are the most useful” to “Al
started to be truly useful for many tasks".

J
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Act 3 (continued) — AGI? No. (2026)

Despite this spectacular progress, Tao refuses to use the term AGI.
“I doubt that anything resembling genuine ‘artificial general intelligence’
is within reach of current Al tools, but | believe a weaker, but still quite
valuable, type of ‘artificial general cleverness' is becoming a reality.”

T. Tao, Mathstodon, 2026
By “general cleverness’, Tao means: the ability to solve broad classes of problems
by ad hoc methods — stochastic methods, brute force, sometimes not interpretable
— with a non-trivial success rate, combined with rigorous verification procedures.

The key distinction

In humans, intelligence and cleverness are linked. In Al, they are separated:

remarkable results without understanding, without intention, without general
reasoning.
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Act 4 — Vanilla extract (March 2026)

In March 2026, Tao publishes a long philosophical paper with Tanya
Klowden: “Mathematical methods and human thought in the age of Al”
(arXiv:2603.26524).

The central metaphor:
“[Al is like] vanilla extract: a little bit improves everything, too
much ruins the dish, and nobody should be drinking it straight.”
Klowden & Tao, arXiv:2603.26524, March 2026
In a few words: Al is an enhancer, not the main ingredient. The paper proposes a

framework for integrating Al into rigorous mathematical workflows, with a
gradual transition: from peripheral augmentation to collaborative coexistence.

A three-phase framework

1. Al automates routine tasks. 2. Al suggests directions that humans
evaluate. 3. Humans and machines co-explore, with formal verification.
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Act 4 (continued) — The car and the city (Apr. 2026)

Still in 2026, Tao proposes an interesting analogy:
“The current and projected impact of Al and formalization on
the practice of mathematics is analogous to the impact that the
automobile had on the evolution of cities.”

T. Tao, Mathstodon, Apr. 2026

The idea: before the car, cities were designed for pedestrians and horses.
The car did not simply make travel faster — it restructured urban space
(suburbs, highways, shopping centers).

In the same way: Al + formalization will not simply speed up existing
mathematics. They will restructure mathematical practice: which
problems we ask, how we collaborate, and what we consider an acceptable
proof.

And as with the car: there will be huge benefits, but also losses that we
cannot yet measure.

)
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The evolution of Terence Tao's thinking on Al in 18

months

Date Position

Oct. 2024 “A mediocre but not completely incompetent PhD student.”

Oct. 2024 “Industrial” mathematics, human-machine complementarity.

Oct. 2025 Medium tools matter more than large models.

Nov. 2025 AlphaEvolve : Al explores what humans had not imagined.

Early 2026 “2025 was the year when Al started being really useful.”

2026 No AGlI, but valuable “artificial general cleverness”.

March 2026 Vanilla extract : a little improves everything, too much ruins
the dish.

Apr. 2026 Structural impact, like the car on the city.
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Other points that | find important

@ Who asks the right questions ? We have new tools to solve and
explore. But the highest creativity consists in formulating the right
questions. Could Al one day suggest a research program ?

@ The divide. If Al becomes essential, what happens to
mathematicians without access to the best models, or without
programming skills 7

© Understanding vs. producing. A formal proof verified by Lean is
correct. But if no one understands it, have we done mathematics — or
engineering 7

© The losses caused by the car. The car also produced pollution,

urban sprawl, and the disappearance of city centers. What will be the
“pollutions” of Al in mathematics ?
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