HEIGHTS IN THE CASE OF NON-DISJOINT SUPPORTS ; COMPUTATIONS IN THE
ARCHIMEDEAN CASE

Understanding [GZ86, I1.§5] with the help of [Gro86] and [Con04].

1. HEIGHTS IN THE CASE OF NON-DISJOINT SUPPORTS

Fix H a number field, and X be a curve defined over H. Recall that we have a global height pairing (,)
on Div'(X)(H), and also for each place v of H a local height pairing (,), on the set of pairs of elements of
Div®(X,)(H,) with disjoint supports, satisfying a product relation :

<a7 b> = Z<aa b>?1
v
if a,b are in Div?(X)(H) with disjoint supports.
We want to extend the local heights pairings to at least some cases with non-disjoint supports, in a way that

the product formula still holds. We will see how we can do this when |a| N |b| is a union of points of X (H), but
the extension will not be canonical.

1.1. Definition of generalized local height.

1.1.1. Generalized evaluation. Fix a place v, and = € X, (H,). If v is complex, we set |a|, = |a|? for a € C.

Definition 1.1.1. A uniformizer t,, at x is a function defined on a neighborhood of x such that t, € mx, » \

mg(x That is, a rational function on X, that has a simple zero at x.

Definition 1.1.2. Let f be a non-zero element of H,(X,), and let t, be a uniformizer at x. We define the
generalized evaluation of f at x along t, by :

fulel = () @ e

Note that f; [z] = f(x) if v,(f) = 0, and that generalized evaluation is multiplicative.
If t, is a uniformizer at x, let w, be its image in the cotangent space at x, that is, mx, /mg(mx (essentially
this is ¢/, (x)). We see easily that f; [z] depends only on w,, we denote it by f,,_ [x].

1.1.2. Generalized local height. Let a and b be in Div"(X,)(H,). Assume that |a| N |b] = {z1,...,2,} with each
x; in X,(Hy). Let w = {w1,...,w,} be a set of cotangent vectors at each x;.
Definition 1.1.3. Let f € H,(X,)* such that a + div(f) and b have disjoint supports. We define :

<CL7 b>v,g = <(l + le(f)v b>v — log |fg[b]‘v

where f,[b] is defined as follows : write b =3 n;[x;| +b" so that the support of b’ does not contains any z; (note
that v is in Div®(X,)(H,), and that b and div(f) have disjoint support). Then

fulb] = <H Jos [mi}ni> f')

Proposition 1.1.4. The value of (a,b), . does not depend on the choice of f satisfying the conditions. In
particular if a and b have disjoint supports it is equal to {(a,b).

Démonstration. It is enough to show this when a and b already have disjoint supports, as the generalized
evaluation is multiplicative. Then div(f) and b also have disjoint supports. Then the result follows from general
properties of local heights : (div(f),b) = log|f(b)|- O

Proposition 1.1.5. Assume that ..., o, are elements of H, with ||, = 1. Let w} = a,w;. Then (a,b)y w =

<a, b>v,w7/'
1
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1.2. Alternative definition. Let a and b be in Div®(X,)(H,). Assume that |a| N [b] = {z1,...,2,} with
each z; in X, (H,). Let w = {wy,...,w,} be a set of cotangent vectors at each z;, and ¢1,...,t, uniformizers
corresponding to these cotangent vectors.

For each 4, denote by y; an element of X, (H,) which is disjoint from the z; and the other y; and the support
of b'. Write a,, for the divisor that we obtain by replacing each x; by y;.

Proposition 1.2.1.

(a,b)y o = lim ((ay, b)y — Z ordy, (a) ord,, (b) log |t., (yj)|v>

y—z
and the limit actually exists.

Démonstration. Assume for simplicity of notation that n = 1 (which is what we use anyway in the end), and
denote by ¢ a uniformizer at x.

Write b = nlz] + V', a = m[z] + a’ so that n = ord,(b), and m = ord,(a). Let f be as above, so that
ord,(f) = —m and f is of the form t~™g with div(g) prime to a and b.

Then we need to show that the limit of the following is zero as y — x :

LHS —RHS = (a+div(f),b), — log|f:[b]|o — (ay,b), +mnlog |t(y)l
= (a+div(f) = ay,b), —log |f(V)], — nlog|fi[z]|, + mnlog|t(y)l],
(m([z] — [y] — div(t)) + div(g), b, — log | f(b')] — nlog |g(x)|, + mnlog [t(y)|.
= (—mdiv(t), + div(g), b, — log | f (V)]s — nlog|g(z)|, + mnlog|t(y)l.
= —m({div(t)y, b)o — (div(t), by)w)

(a
(a
(
(=

Hence it is enough to show that for any pair of divisors of degree 0, with intersection of supports supported
in {z}, (ay,b)» — (a,by), goes to zero as y — z. Fix some w far away, and write a and b as sums of [u] — [w],
then it follows from continuity of the local height and symmetry. O

1.3. Product formula.

Theorem 1.3.1. Let a and b be in Div®(X)(H). Assume that |a| N |b| = {z1,...,z,} with each x; in X(H).
Let w = {w1,...,wn} be a set of cotangent vectors at each x;. For each place v, w defines a set of cotangent
vectors at the images of each xz; in X,(H,).

Let f € H(X)* such that a + div(f) and b have disjoint supports.

Then
(a,0) => (a,b)vw

v

and the latter sum is independent of the choice of f.

Démonstration. We compute that

> a by = ({a+div(f),b), —log |fulb]ls) = (a+ div(f),b) = (a,b)

v v
as
Z log | fu[t]]o =
v
by the product formula. O
Proposition 1.3.2. Assume that oy, ..., are elements of H that are roots of unity. Let w; = ojw;. Then

(@, b)Yy = (a,b)y . for all places v.

Démonstration. This is simply Proposition 1.1.5, as ||, = 1 for all places v. (|

2. HEIGHT COMPUTATIONS

2.1. What we want to compute. Let z € Yy(N)(H) be a Heegner point. Let ¢ = (z) — (c0) and d = (x) —(0),
so that ¢ and d are in Div’(Xo(N))(H). Let m > 1 be prime to N. We want to compute (¢, T,o(d)) for
o € Gal(H/K). For this we decompose (¢, T,0(d)) in a sum of local heights.

Let A € Cl(Og) corresponding to o.

Proposition 2.1.1. We have |c| N |To(d)| C {z}, and ord,(c) = 1 and ordy(To(d)) = ra(m) where r4(m)
1s the number of ideals of Ok in the class A that have norm m.
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Démonstration. Let © = ([a],n). Let 0 = 04 and let b in the class of A™!, so that o(x) = ([ab],n).

Recall that T;,,y = > yc the sum is over all subgroups of E, of order m and with trivial intersection to
ker ¢, and then yc is (£, /C, £y /$,(C)).

An isogeny of order m z — o(x) is the same as finding an inclusion a~'a C ab of index m for some «a € K,
that is, (aa)™! C Ok an integral ideal of norm m O

In particular, the divisors do not necessarily have disjoint supports, so we will use the generalization of the
local heights. Let ¢t be a uniformizer at z, then

(e, Tma(d))v,e = lim ((cy, Tma(d))o = ra(m)log [t(y)]v)

2.2. Choice of uniformizer. We want to choose ¢ the uniformizer at x.

One way to do this is as follows : Choose a lift £ of z in H. Choose a 1-form w over H, that is of the form
f(2)dz where f(#) # 0. We will choose w to be 2imn*(z)dz, where 1(z) = ¢*/** ], (1 —¢") (so that n'2 = A).
It is defined only up to some 6-th root of unity but this won’t change the local heights computations.

Let t be any uniformizer at z. Then it lifts locally around  to .

Assuming that z is not an elliptic point then we can normalize ¢ (by multiplying by a non-zero constant) so
that #(&) = f(&), we take this to be our uniformizer.

Assume now that H — X ramifies at & with multiplicity e = 2,3. Then we normalize so that we have for z
close to & : t(2) = f(2)(z — 2)(1 + o(1)).

An important point for us is :

Proposition 2.2.1. If x is a Heegner point then u = e.

That is, the ramification is a property of the field giving complex multiplication.
A consequence of this choice is :

Proposition 2.2.2. Let & in H lifting x o Heegner point. Then
log [t(y)]v — ulog|(§ — &) - 2imn* (2)], — 0
as § — & (and then y — x).

Remark 2.2.3. Actually we need the uniformizer to be defined over H, in order to be able to use it for all
places. It is not clear that the construction accomplishes this. Indeed, n?* = A is defined over X((1)(Q), but
w = n*dq/q is a priori not defined on X but only on a cover of order 6 of it.

2.3. Archimedean computations. Recall the following formula for the computation of the local archimedean
height :

Proposition 2.3.1 (Proposition 2.23). Let (m,N) =1, z,2’ € Y with v & T,,a’. Then :
()~ (00). T () — (0)) = A+ lim (B/(s — 1) + GR,(0.8) + CEn (wy . s) + Dmor py(m) Ex (&', )
where A, B,C, D are some constants, and

%75(2,2/) = Z gs(ZﬁZ/)

YER, /{£1},det y=m

where gs is a function of s > 0 defined out of the diagonal.

We want to extend the definition of G ; to all z,2". Let

Zs(27 Z/) = ul}l_>l’nz Z gs(Z,w) — log |227T<Z _ w)"]4(2)‘2
’YGR"/{il},det y=m,yz' =2

and GQ(Z, Z/) - Z’YERn/{il},det y=m,yz' £z 93(25 72/) and set
Go(z,2) = Gz, 2') + Zs(2, 7))

which coincides with the definition of Gy when x & T,2’ : then Gy = G2 and Z, = 0. Moreover G is clearly
defined everywhere. Let us see why Z, is well-defined. Note that

Zs(2,2") = #{v,7%" = 2} lim. (gs(2,w) — log |2im(z — w)ry'(2)?)

As w — z, gs(z,w) = log(|z — w|?/(2im(z) im(w)) + O(1) so gs(z,w) — log |z — w|? — log(|2i7n*(2)|?) has a
finite limit as w — z.
Write gs(2) for limy,. (gs(2, w) — log|2im(z — w)n*(2)|?), so that Z,(z,2") = #{v, 72’ = z}gs(2).
Let 2’ = &' be fixed, where z € Y (H) and 2’ = o(x), and set :
f(w,s) = A+ B/(s— 1)+ G%w,?) + CEx(wyw, s) + Dm*cy_os(m)En(2', 5)
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Then (z =2) :
(¢, Tmo(d))v,e = lim lim (f(w,s) — r.a(m)log|t(w)|?)
w—z s—1
Let us admit that we can exchange the limits. Then the local height is :
A+ 11111 (B/(s — 1)+ CENx(wNnz,8) + Dm®oy_as(m)En (2, s) + 1131 (Gs(w, 2") = ra(m)log |t(w)|2)>
S— w z

In the limit we can replace log |t(w)|? by log |2i7(z — w)n*(z)|2, by Proposition 2.2.2.

Note also that #{v,vz’ = z} appearing in Z is ur 4(m) in the Heegner point case. Then the height is

A+ lim (B/(s — 1)+ CEx(wnz, 8) + DmPoy_as(m)Ex(2, s) + G2, z’))

In particular, this is identical to the formula of Proposition 2.23 if we replace G by G5. We redecompose this
as :

A+ lgrr% ((B/(s — 1)+ CEx(wnz,8) + Dm®o1_as(m)En (7', 5) + GY(z, z')) + UTA(m)gs(z)> .

2.4. Evaluation at Heegner points. We now want to find an expression for the thing appearing in the limit
as s — 1, when we sum over all places. We observe that : the first part (everything except the part with gs(2))
can be treated exactly as in the case where r 4(m) = 0, and we recover for this part the formula given by Olivier
(proposition (4.2) of [GZ86]).

Now we want to understand the contribution of the gs(z) for the various places. Recall that gs(z,w) =
—2Qs_1(1+ |z —w|?/(2im(2) im(w)) and g4(2) = limy . (gs(2,w) — 2log |w — z|) — 2log |2imn*(2)]|.

Using the asymptotic expansion of Qs_1(t) as t — 1 we get

9s(2) = —log [4mim(2)n* (2)|* + 2 ((I'/T)(s) — (I'/T)(1))-

On the other hand, Kronecker’s first limit formula is :

2°C(28)E(z,8) = m/(s — 1) + 2m(y — log(2) + log(|v/im(2)n*(2)| + O(s — 1)

and I'(1) = —y and I'(1) = 1.

So we get

9s(2) = =2log(2m) + 2 ((I"/T)(s) + (I/T)(1)) + (2/7) lim (27¢(20) E(2,0) — 7/(0 — 1))
In order to compute the contribution at all places we want }uccyo,) 9s(78). We have the identity
27¢(20)E(18,0) = u|D|**Cx (B, 0)

so in the sum the contribution coming from the 3" ,527¢(20) E(75,0) is u|D|*/?(k ().

In order to understand the part with (x (o) we use (x (o) = ((c)L(e,0) and {(c) =1/(c —1)+~v+ O(c — 1)
and L(e,0) = L(e,1) + (0 — 1)L’ (¢,1) + O(6 — 1)? and L(e, 1) = wh/u|D|"/2.

Finally we get that the additional contribution is :

2hra(m) ((I'/T)(s) ~ log(2m) + (L' /L)(e, 1) + log | D|'/?)
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